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Laplace hyperfunctions in several variables 

Naofumi Honda *and Kohei Umeta ^ 


Dedicated to Professor H. Komatsu on his Sanju 
- eighty years birthday in the traditional Japanese counting. 


Abstract 

We establish an edge of the wedge theorem for the sheaf of holomor- 
phic functions with exponential growth at inhnity and construct the sheaf 
of Laplace hyper functions in several variables. We also study the fundamen¬ 
tal properties of the sheaf of Laplace hyper functions. 


1 Introduction 

In the 1980’s, H. Komatsu ([5]-[TU]) introduced a new class of hyperfunctions in one 
variable called Laplace hyper functions in order to consider the Laplace transform of a 
hyperfunction. By the theory of Laplace hyper functions, he gave a new foundation 
of Heaviside’s theory on a wider class of functions. A Laplace hyperfunction in 
one variable is dehned by a difference of boundary values of holomorphic functions 
of exponential type along the real axis. Recently, in the paper [T], the authors 
established a vanishing theorem of cohomology groups on a Stein open subset with 
values in the sheaf of holomorphic functions of exponential type. As a consequence, 
we had succeeded in localizing the notion of one dimensional Laplace hyperfunctions, 
that is, we constructed the sheaf of Laplace hyperfunctions in one variable (see. IB)- 

The aim of our paper is to construct the sheaf of Laplace hyperfunctions in several 
variables and study its fundamental properties. For that purpose, we establish 
an edge of the wedge type theorem for holomorphic functions of exponential type. 
Namely, we show pure n-codimensionality of the partial radial compactihcation MP x 
C”’’ of M” X C”^ relative to the sheaf of holomorphic functions of exponential 
type, and it is the most crucial step for construction of the sheaf of Laplace 
hyperfunctions. This kind of a theorem, i.e., an edge of the wedge theorem for 
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holomorphic functions with bounds, was first established by T. Kawai in [1], where 
he had shown pure n-codimensionality of some compactihcation of M” for the sheaf of 
holomorphic functions with infra-exponential growth and then constructed the sheaf 
of Fourier hyperfunctions. He had effectively used, in his proof, a duality theorem 
between complexes of locally convex topological vector spaces. After his success, 
the method employed there becomes very common and develops in showing pure 
codimensionality relative to several sheaves of holomorphic functions with bounds, 
see Y. Saburi f[T^). 

The space of holomorphic functions of exponential type appearing in our study 
has also a locally convex topology of a vector space, which is dehned by a projective 
limit of a sequence of dual Frechet spaces. The morphisms in the sequence are, 
however, neither homomorphisms onto their images nor compact, and hence, the 
resulting topology of a vector space becomes very complicated like the one for the 
space of real analytic functions on an open subset in Therefore we cannot apply 
the topological method mentioned above directly to the case studied in our paper. 
To overcome this difficulty, we adopt an algebraic method based on a Martineau type 
theorem iTheorem ld.ip and obtain the result after some algebraic computations. At 
the same time, we also show pure n-codimensionality of the boundary x C™ : = 
\ M”') X C™ of the radial compactihcation relative to from which two 

important properties of follow: Softness of the sheaf and extendability of 
a usual hyperfunction to a Laplace hyperfunction. 

The plan of the paper is as follows. In Section 2, we shortly review the vanishing 
theorem of cohomology groups on a Stein open subset with values in (9^^, which 
was given in our previous paper [1]. We hrst recall, for an n-dimensional C-vector 
space E and a complex linear space T of holomorphic parameters, the dehnitions 
of the partial radial compactihcation X = D^; xTofX = F^xT and the sheaf 
of holomorphic functions of exponential type on X. Since pseudo-convexity 
is insufficient to guarantee vanishing of higher cohomology groups as Example 12.111 
shows, to obtain the vanishing theorem, we introduce the notion of the regularity 
condition at inhnity for an open subset in X. Then we give the vanishing theorem 
of cohomology groups and some related results. 

The main purpose of Section 3 is to establish an edge of the wedge theorem for 
(9^^. Before showing the main theorem, we prepare several vanishing theorems of 
cohomology groups with values in We hrst show a Martineau type theorem 

for (9^'’ which is a key of the proof for the edge of the wedge theorem. Then, for 
an n-dimensional M-vector space M, we show the edge of the wedge theorem along 
M X T for (9YP and pure n-codimensionality of the boundary dM x T relative to 

^exp 

i" ■ 

In Section 4, we dehne the sheaf of Laplace hyperfunctions with holomorphic 
parameters and study its fundamental properties, especially, we show that any hy- 
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perfunction can be extended to a Laplace hyperfnnction. We also give the canonical 
embedding from the sheaf of real analytic fnnctions of exponential type to the one 
of Laplace hyperfnnctions. Softness of the sheaf of Laplace hyper fnnctions is shown 
in the last section. 

At the end of the introdnction, the anthors are gratefnl to Professor Hikosabnro 
Komatsu for the valuable lectures and advises. 


2 A vanishing theorem of cohomology groups on 
a Stein open subset 

The aim of this section is to review the vanishing theorem of cohomology groups on 
a Stein open subset with coefficients in holomorphic functions of exponential type. 
For the details we refer the reader to [1]. 

Let n G N and E be an n-dimensional C-vector space with a norm |a;| [x G 
E). We first introduce the radial compactification D^; of E and the sheaf of 
holomorphic functions of exponential type. We denote hj E^ the set i? \ {0} and 
by M+ the set of positive real numbers. 

Definition 2.1. The radial compactification I])e of E is defined by the disjoint union 
of E and the copy {E^/'Rjfijoo of the quotient space E^/M.^. The ©g is equipped 
with the topology for which a sequence {xfcjfceN of points in E converges to a point 
x*oo G {E^/R^)oo if and only if 

|xfc| —)■ oo and 7iEx{xk) ^ x* in E^/R^. (2.1) 

Here vr^x : E^ —)■ E^ /R+ is the canonical projection. 

Note that it follows from the definition of that any linear mapping on E 
induces the one on Dg. 

Let be the real (2n — l)-dimensional unit sphere. Then the quotient 

space E^/Rj^ can be identified with 5^”“^ and this fact is often used in subsequent 
arguments. Hence the radial compactification D^; of E is identified with the disjoint 
union of C” and the copy of and the topology of D^; is given as 

follows in this identification: Let D be a closed unit ball of center the origin in C” 
which is considered as a real 2n-dimensional topological manifold with the boundary 
yy-g define a bijection fi^z) from D to D^; by 



{zeD°), 

1 - |x; 


zoo G S‘^'^~^oo 

{z G dD) 
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Here D° and dD denote the interior and the bonndary of D in C”, respectively. 
Then is equipped with the topology so that 0 gives a topological isomorphism. 

Let T be the linear complex space C'" (m > 0) of holomorphic parameters, and 
we set X := ExT. We denote by X the partial radial compactihcation ]D)exT of X, 
and we also denote by X^o the closed subset X\X in X. Let {z, t) (resp. ( 2 : 00 , t)) be 
a system of coordinates of X (resp. Xqo). A family of fundamental neighborhoods 
of a point in X is given by the following sets; for a point {zq, to) E X C. X, it is 
given by 

B^{zo,to) := {{z,t) E X] jz - zo\ < e, |t - to\ < e} (2.2) 

for e > 0. On the other hand, for a pint ( 2 : 000 , to) G X^o C X, it is 

G,.(r, to) := {{z E E] |2:| > r, tiex {z) G L} U Lcx)) x {t G T; |t — to| < , (2.3) 

where r > 0 and L runs through open neighborhoods of zq in 

Let Ox be the sheaf of holomorphic functions on X. We now dehne the sheaf of 
holomorphic functions of exponential type on X. 

Definition 2.2. Let D be an open subset in X. We define the set C>?^(f2) of 
holomorphic functions of exponential type on D to be the set of all holomorphic 
functions f{z, t) on D fl X such that, for any compact set K in D, f{z, t) satisfies 
the exponential growth condition 

\f{z, t)\ < ((; 2 , t) G XnX) (2.4) 

with positive constants Ck and He- Let us denote by the associated sheaf on 
X of the presheaf 

Note that the growth condition of f{z, t) is imposed only on the variables ; 2 . It 
is easily seen that the restriction of the sheaf to X coincides with the sheaf 
Ox- 

We recall the regularity condition at cxd for an open subset in X which plays an 
essential role in showing our vanishing theorem of cohomology groups on a Stein 
open subset for 

Definition 2.3. Let A be a subset in X. A point {zoo, t) in X^o belongs to the set 
clos^(A) C Xoo if and only if there exist points {{zk, tk)}k&n in AD X that satisfy 
the following two conditions when k ^ 00 . 

1. {zk, tk) -E- {zoo, f) in X. 

kfc+il/l^fcl —t 1. 
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Note that the above dehnition is independent of the choice of a system of coor¬ 
dinates of X and a norm on E. Define 

/Vi(/l):=X„\dosi,(A'\A). (2.5) 

We can conhrm that, if U is an open subset in X, then N^{U) D U O X^o holds. 

Definition 2.4. An open subset U <Z X satisfying N^{U) = U f] X^o is said to be 
regular at oo. 

It is easily seen that a hnite intersection of open subsets which are regular at cxo 
is again regular at cxo. We also give a sufficient condition for which an open subset 
becomes regular at oo. Let ^4 C X be a subset. Set 

:= |(Coo, t) e X^; (Coo, t) e (M+C x {f}) n a} C X,,. (2.6) 

Here M+C is the real half line (C) in E and the closure (M+C x {0) hi H is taken 
in X. Then we have the following lemma. 

Lemma 2.5 (in)- Let U (Z X be an open subset. If Nf^{U) = U fl Xqo holds, then 
U is regular at oo. 

Note that a hnite union of open subsets which satisfy the condition given in the 
above lemma is also regular at oo. We give some examples of open subsets which 
are regular at oo: Let Dc denote the radial compactihcation of C, and let M be the 
closure of M in ©c- Note that M consists of M and two points {±oo}. 

Example 2.6 ([T], Example 3.6). Let U be the open set Gr(r,0) U U where U is & 
bounded open subset in X and the cone Gr(r, 0) was dehned by fl2.3p with r > 0 
and r being an open subset in 5^”“^ = Then U is regular at oo as we have 

= U 0 Xoo. In particular, Dc and ©c \ [a, +oo] (a G [—oo, oo)) are regular 

at oo. 

Example 2.7 (P, Example 3.6). For the set U := ©c \ {1,2,3, 4,...,-|-cx)}, we 
have Nf^{U) = S^oo \ {-|-oo}. Hence U is regular at oo. However, for the set 
U := ©c \ {1, 2,4, 8,16,..., +oo}, U is not regular at oo because of N^{U) = S^oo. 
Note that we have Nf^{U) = S^oo for both the cases. 

We prepare some notations before stating the theorem. For a subset H C X, we 
sctj 

( iniq^A \p-q\ if A ^ 0, 

dist(p, H) = < (2.7) 

I +00 if H = 0. 
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Let p 2 : X = E X T ^ T he the canonical projection. We also set, for q = {z, t) G X, 


distE(g, A) := dist(g, {P 2 {q))) = ^ inf Jz - C|- 

iC, t)eA 


For an open snbset C X, we define the fnnction 


‘ip{p) := min 
and we pnt, for e > 0, 


1 distE(p, X \ n) I 

2’ 1 + kl J 


for p = {z,t) ^ X 


fie := < p = (z, t) G n X; dist(p, X \ fl) > e, \t\ < 


( 2 . 8 ) 


(2.9) 


( 2 . 10 ) 


Note that the fnnction 'ip{p) is lower semicontinnons and continnous with respect to 
the variables z, however, it is not necessarily continnous with respect to the variables 
t. 

THEOREM 2.8 ([1], Theorem 3.7). Let fl be an open subset in X. Assume the 
following conditions 1. and 2. 

1. fl n X is pseudo-convex in X and fl is regular at oo. 

2. At a point in fl O X sufficiently close to z = oo the f^^zA) is continuous and 

uniformly continuous with respect to the variables t, that is, for any e > 0, 
there exist <5^ > 0 and > 0 for which 'ip{z,t) is continuous on := 

fie n {|z| > i?e} and it satisfies 

t) - fj{z, t')\<e {{z, t), {z, t') G fle,i?,, \t - t'\ < (5e). 


Then we have 

H^(fl, OJP) =0 {k^ 0). 


( 2 . 11 ) 


Remark 2.9 ([T], Corollary 3.8). Let 7/ x R be an open subset of product type 
in X = De X T. Assume that U satishes the regularity condition at oo and that 
(7/ X R) nX is a pseudo-convex open subset in X. Then, since an open subset 7/ x R 
of product type always satishes the condition 2. in the theorem, we have 

H^(7/ X R, C»JP) =0 {k^ 0). (2.12) 

Furthermore, when n = 1, we can obtain a much stronger result. Remember 
that Dc denotes the radial compactihcation of C. 
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THEOREM 2.10 ([T], Theorem 5.2). Let U be an open subset in Dc, and let W be a 
pseudo-convex open subset in T. Then we have 

X W, OJP) =0 (fc ^ 0). (2.13) 

However, if n > 1, the theorem does not hold without the regularity condition 
as the example below shows. 

Example 2.11 (pQ, Example 3.17). We consider the case n = 2, m = 0, i.e., X = 
E = and X = De = Set 

U := |(2;i, Z 2 ) e X] I arg(2;i)| < |2;2| < |^i|| , 

n := (^17)°\{(l,0)cx)} CX. 

Here (1, 0)cxd is the point in (E'^/M+)oo which is the image of the point (1, 0) G 
by the canonical projection ■ It is easy to check that flflX = U is pseudo-convex 
in X and is not regular at 00 . In this case, we have H^(fl, (9^^) ^ 0. Therefore 
the vanishing theorem does not hold without the regularity condition. 

3 An edge of the wedge theorem for the sheaf (9^^ 

The purpose of this section is to show an edge of the wedge theorem for 0^'’, which 
is done in Subsection 3.2. We hrst prepare a Martineau type theorem for 


3.1 A Martineau type theorem for the sheaf 

Let m > 0 and n > 1. Set T := C”* and 

F := C X X T C F := Dc X x T, 

where Dc denotes the radial compactihcation of C. We denote by M the closure of 
M in Dc, which is M U {icxo}. 

THEOREM 3.1 (A Martineau type theorem for the sheaf (9^^). Let S = [a, -1-cxd] (a G 
M U {-|-oo}) be a compact subset in M, and let K = Ki x ■ ■ ■ x Kn-i <Z L = 
Li X ■■■ X Ln-i be a pair of closed polydiscs in Assume that IF C F are 

non-empty connected Stein open subsets in T. Then the restriction morphism 

H3xifxV'(Dc X C“-‘ X C ©“P) ^ H3xix»-(Dc x C”-' x W, (3.1) 

is injective. 
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Proof. Let {z, w, t) be the coordinates of F = x x Tt. We first consider 
the representation of x x V, by a relative Leray covering for 

the sheaf Choose a point b < a and a sufficiently small constant 0 > 0. Set 

E := {z G C; |arg( 2 : — b)\ < 6*} U {e^^'^oo G S^oo; |r| < 6*} C Dc- (3.2) 
We also set 

U :=Ex X V, 

Uo := {^\S)x Cr' X F, (3.3) 

Uj := S X TTj'^ [Cy,. \Kj) xV {j = 1, ..., n - 1), 

where tij : —?• is the j-th projection of i.e., 7ij{wi ,..., Wj ,..., Wn-i) = 

Wj. Then U = {U, Uq, ..., Un-i} and U' = {Uq, ..., Un-i} give a relative open cov¬ 
ering of the pair {U, U \{S x K x V)). On account of Theorem 12.101 these open 
sets form a Leray covering of the pair for the sheaf Therefore we obtain the 

following representation of cohomology groups by the relative Cech cohomology of 
{U, U \ {S X K X V)) with coefficients in 


HSxk-xk(Dc X C”-' X V, 0“-) = H”(i/modi/', 0“'') = „ . (3.4) 

j=0 

Here Us,k,v and v (j = 0) 1) ■ ■ ■ > ~ 1) ^^^e dehned by 

Us,K,v-= Pi Uk and \= p| Uk (j = 0, ..., n - 1). (3.5) 

0<fc<n—1 0</c<n—1, 


Similarly, we dehne Us,l,w and \ by replacing K and V with L and W, 
respectively. Thus, the theorem follows from injectivity of the following canonical 
morphism t associated with the restriction map of a holomorphic function. 


0^^^{Us,K,v) ^ 0^^^{Us,L,w) 

j=0 j=0 


(3.6) 


Let us show injectivity of l. We take an arbitrary point (x, w, t) G Us,k,v Cl Y 
and a path 7 j (1 < j < n — 1) in C \ Kj which encircles Kj with clockwise direction 
such that the point Wj is outside ■jj in the C-plane. For an element F{z, w, t) G 
Of'^{Us,K,v), we dehne 


G(z, w, t) : = 


F{z, /i, t) 




-1 


’'yiX — X'Yn 


(/Xl - tCi) ■ ■ ■ (/in-1 - Wn-l) 


dfi. (3.7) 









1 . 



Figure 1: The paths in the Cz-plane. 


It is obvious that G{z, w, t) becomes a holomorphic function of exponential type 
on Us,K,v by deformation of the path of the integration. We also take the path 
Ij (1 < J < — 1) in C \ Lj which encircles Lj with clockwise direction such that 

the point Wj is inside 'jj. By deformation of the path of the integration and Cauchy’s 
integral formula, we obtain 


n—1 


G(z, w, t) = F{z, w, t) + Hj[z, w, t), 
Hj{z, w, t) 


F(yZi ICl, • • • , — hj) • • • ) ^n—li t) 


(27rv^) 


n-j 


lj ^'Tj'+i ^ ^'7^1—1 




w 


O’’ (hn—1 '^n—l) 


djj^j ... . 

(3.8) 

Note that Hj{z, w, t) becomes a holomorphic function of exponential type on ^ y 
by deformation of the path of the integration. Hence J2j=i Hj{z, w, t) belongs to 


(0) 

S, K,V 


as 


y). If we could prove that G{z, w, t) can be extended to U. 
a holomorphic function of exponential type when the restriction of F to Us^ l, w van¬ 
ishes in {Us, L,w)/ 1 injectivity of the morphism 


Suppose F 


Us, L, W 


= 0 in 

n—1 




Then there ex- 


r(i) 


L,W) 


with F 


= 


on Us,L, 


w- 


For a 


ist functions {Fjjj E 0 "'=o 
point {z, w, t) E Us,K,V) we take a path F in S which is composed of a ray from 
e~F^^oo (0 < a < 0) to a point c{b < c < a) and a ray from c to ev^"cx) such that 
2 ; is outside the region surrounded by F. Similarly, we take a path F in S which is 
composed of a ray from cx) (a < a' < 0 ) to a point c {b < c < c) and a ray 

from c to eV“^" cx) such that z is inside the region surrounded by F as shown in 
Fig. [U Let 6*0 > 0 be a sufficiently small positive real number, and set 

Y ■=¥ X {t] E \ axg7]\ < ^o} <zYx Cjj. 
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Define 


Go{z, w, t] 7]) := 


Gi{z, w, t] 7]) := 


f G(C, w, 


271^/^. 


C-z 


dC, 


'r' 


G(C, w, t)e 
C-z 


dC 


2ttV^ 

Then, since G{z, w, t) belongs to 0‘^^{Us,k,v), by modifying the path of the inte¬ 
gration, we can hnd a real-valued continuous function po{z, w, t) (resp. pi{z, w, t)) 
on Us,K,v (resp. y) for which Go{z, w, t; p) (resp. Gi{z, w, t; p)) is holomor- 
phic on Us,K,v (resp. y), where 


Us,K,v := {{z, w,t-, p) eY; (z, w, t) G Us,k,v, \v\ > Po{z, w, t)}, 

uf^K,v ■= {{z, w,t]p) eY] {z, w, t) e \p\ > Pi{z, w, t)}. 

Note that po (resp. pi) is bounded on any compact subset in Us,k,v (resp. y). 
We can also verify that Go and Gi satisfy the following estimates: For any compact 
subsets Do in Us,k,v and Di in y, there exist constants Gd^ and Gdi for which 
we have 

|Go(2:, w, t; p)\ < GdoC^®*^^ {z, w, t, p) G Us,k,v H (Dq x C,,), 

\G,{z, w, t;p)\< {z, w, t, p) G D®^,y n {D, x C,). 

Furthermore, by Cauchy’s integral formula, we have 


G(z, w, t) = Go(x, w, t] p) — Gi{z, w, t] p). 


(3.9) 


Now, under the assumption of D, we will show that Gq identically vanishes and 

dGi dGi 

Gi does not depend on the variable p, i.e., -j;— = 0. We will show only — = 0 


dp 


dp 


because Go = 0 can be proved in the same way. 

Let w* G (C\Li) X • • ■ X (C\L„_i) and t* G W. Suppose {w, t) to be sufficiently 
close to {w*, t*). Then it follows from the assumption F\jjg ^ ^ ^bat 


dGi 

dp 


{z, w, t] p) is equal to 


{2^7^JYIlY 



Fj(C, /X, t)e djidC 

(/Xl ■ ■ ■ (/^n—1 ^n—l) 


(3.10) 


Here we hrst modify the path pj such that each pj is in C \ L^, which is possible 
because we take (tc, t) sufficiently close to {w*, t*), and then, we put F = 

dGi 

into the dehnition of ——. Furthermore we assume Ip I to be sufficiently large so 

dp 

that each integral converges absolutely. 
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Hence 


Since, for j > 1, each Fj{(, /r, t) is holomorphic on Ug \ fl F, we have 

r Fj{C, fx, t) dn 

J’-flX-'-x-fn-i (hi ~ '^l) ■ ■ ■ (hn-1 ~ Wn-l) 
dGi 


= 0 




(3.11) 


di] 


■{z, w, t] rj) is equal to 


—pVZ 


dfi 




'7lX---X7n-l 


—1 (hi nil) ■ ■ ■ (h>^—1 nijj_i) jp/ 


Fo(C, h, t)e-^^dC. (3.12) 


As Fo is holomorphic on w \v\ large enough so that e 

compensates the exponential growth of Fq at inhnity, we have / Fo(C, h) = 

Jr' 

0 by rotating the path F' to the positive real axis in the C(^-plane. This entails 
dGi 

— — {z, w, t] rj) = 0 when (ta, t) is sufficiently close to (w*, t*) and |? 7 | is large 

enough, and thus, it follows from the unique continuation property of a holomorphic 

dG ^ 

function that identically vanishes on 

By the same argument as above, we can also get Gq = 0 on Us^k,v, and hence, 
we have obtained G{z, w, t) = —Gi{z, w, t; rj), which implies that G{z, w, t) is a 
holomorphic function of exponential type on y This completes the proof. □ 

We also prepare the lemma below, which is needed to show Propositions 13.41 and 

El 


Lemma 3.2. Let S {resp. U) he a elosed {resp. an open) subset in Dc, and let 
K = KiX ■ ■ -xKn-i C be a product of closed subsets Kj m C (j = 1,..., n—1). 

Assume that W and V are Stein open subsets in and T, respectively. Then we 

have 

H^nl,)x(KnH.-)xK(l'xW'xr, O?‘") = 0 (k>n + l). (3,13) 

Proof. Let us consider the representation of cohomology groups by a relative Leray 
covering for the sheaf . Dehne the canonical projection vr^ : —?• C by 

(tci,..., Wj, ..., Wn-i) Wj, and set 


P ■=U xW xV, 

Po-.= (U\S) xW xV, (3.14) 

Pj :=U X {7r~\C \Kj)nW)xV {I < j < n - 1). 

Then {P, Pq, ..., Pn-i} and {Poi • • • > Pn-i} become a relative Leray covering of 
the pair (P, P \ {S x {K H W) x V)) for the sheaf by Theorem 12.101 As the 
number of open sets in the covering is n + 1, it is evident that the fc-th cohomology 
group vanishes for k > n + 1. □ 
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Remark 3.3. In the proof of the above lemma, if S' = [a, Rcxo] with a G M and 
U = Dc, then Theorem 12.8l is sufficient to show the lemma because Dc\S' is regular 
at infinity in this case. For a general closed subset S such as {+oo}, however, we 
really need Theorem 12.101 which is a specific feature in the one dimensional case. 

As an immediate consequence of the Martineau type theorem for the sheaf (9^^, 
we have the following proposition. 

Proposition 3.4. Let S = [a, +oo] (a G MU{+oo}) be a compact subset in R, and 
let K = Ki X ■■■ X Kn-i be a closed polydisc in Assume that V is a Stein 

open subset in T. Then we have 

H|xifxi.-(Dc X C”-‘ X V, 0“') =0 (k/ n). (3.15) 

Proof. For k > n + 1, we obtain the assertion by Lemma [3.21 Hence it remains to 
prove that the fc-th cohomology group vanishes for k <n — l. We use the induction 
on n. In the case of n = 1, the claim to be proved is 


X P, = F5xy(E)c x P, = 0. (3.16) 

Obviously, we have fl3.16p by the unique continuation property of a holomorphic 
function. Suppose that we have, for any cylindrical compact set K C and any 
Stein open subset P, 

X X P, = 0 {k<n-2). (3.17) 

Under the assumption, let us show 

HLK'xif"xx(»cxC”-‘xlx. (k<n-l), (3.18) 


where K is an arbitrary compact subset in C. We consider the following long exact 
sequence of cohomology groups. 


SxK xK xV 


X C’*-‘ X V, 0“P) ^ Hy,,,^j.^,,(Dc X xCxV, C>“>“) 

^ X C”-^ X (C \ A'") X V; 0“-) ^ . 

(3.19) 

It follows from the induction hypothesis that we have 


HLa-AcxPDc X C”-^ X C X I/, 0“-) = 0, 


SxK'x(C\K")xy 


X X (C\R ) X P, C>“P) = 0 (k<n-2). 


(3.20) 


Therefore we obtain fl3.18p for k < n — 2. On account of the Martineau type theorem 
for the sheaf (P^p, the morphism l in fl3.19p for fc = n — 1 is injective. Since the 
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exact sequence 


^ ^ ^SxK'xK''xV 


J\ 1 

SxK'x{C\K'')xV 


X C”-^ X V, ^ H 


m—1 

''SxiC'xCxU 


X C”-" X C X V, O^P) 


n—1 
SxK'xK"xV 


X X (C \ ) X V^, C>“P) 

(3.21) 

X C” ^ X V, C>“P) = 0, the assertion holds for A; < n — 1. 

□ 


implies H 

Hence the assertion is true for any n > 1 by the induction. 


Corollary 3.5. Let S = [a, +oo] (a G M U {+cxo}) be a eompact subset in M, and 
let K = Ki X ■■■ X Kn-i <Z L = Li X ■■■ X Ln-i be a pair of closed polydiscs in 
C^~^. Assume that V is a Stein open subset in T. Then we have 


H|x(i\*-)xi-(DcxC"-‘x^O“i‘)=0 (k^n). (3.22) 

Proof. We consider the following long exact sequence of cohomology groups 

^ HyK,,..(Dc X C"-‘ X V, 0“") ^ x C”"' x K 0“") ^ 

^ ilUL\K)MOc X C”-‘ X I/, 0“-) ^ . 

By Proposition 13.41 we have 


hLa-xXDc X C”-' X V-, 0‘P) = HyixA(Dc x C"-' x V, 0“<’) = 0 (k,i n). 

(3.24) 

Hence we obtain fl3.22p for k ^ n — 1, n. Moreover, we have the following exact 
sequence of cohomology groups by fl3.23p and fl3.24p . 

0 ^ HS;;aa)xx(»c X C”-‘ X V, 0“-) A HSxaxx(»c x C‘-‘ x V, 0“-) 

^ X C”-‘ x V, O'f). 

Since the morphism l is injective by Theorem 13.11 we have the corollary. 


(3.25) 

□ 


Corollary 13.51 can be extended to a pair of two analytic polyhedra K (Z L. Let 
US hrst recall the definition of an analytic polyhedron. 

Definition 3.6. Let U be a domain inPP. A compact subset D in U defined by 


D = {z eU] \Fi{z)\ < 1, ..., \Fn{z)\ < 1} (3.26) 

with some finitely many Fi, ..., Fn e Oc^iU) is called an analytic polyhedron of 

U. 

THEOREM 3.7. Let S = [a, +cx)] (a G M U {+cx)}) be a compact subset in M. Let K 
and L be two compact analytic polyhedra in and let V be a Stein open subset 

in T. Then 


H|x(aa)xx(Dc X C"-‘ X V, 0“P) = 0 (0<fc<n-l). (3.27) 
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Before entering into the proof of Theorem 13.71 we recall two well-known lemmas. 

Lemma 3.8 m, Corollary 5.3.7). Let X be a topological space, and let S be a locally 
closed subset in X. Let 0 £i —)■ £o 0 be an exact sequence 

of sheaves on X. If 

= 0 {r + j<k<N + j, j = 0,...,n), 


then 

H|(X, = 0 {r<k<N). 


Lemma 3.9 ([13], PropositionB.4.2). Let M he a module, and let 0i, (pp be a 
family of commuting endomorphisms of M. Let A4. be a Koszul complex associated 
to the sequence (0i, ..., (pp). Assume that, for each 1 < j <p, (pj is injective as an 

M 

endomorphism of the module —-. Then we have 


W{M) 


0 


M 




(i =p)- 


(3.28) 


Proof. Without loss of generality we can assume that K is contained in L. Hence, 
two analytic polyhedra L and K can be expressed as 

L= {weC"-^ |Fi(n;)| < 1 , • • • , \Fi>{w)\ < l} , 

K={we C"-'; |Fi(n;)| < 1, • • • , |F,.(n;)| < 1, |F,^+i(n;)| < 1, • • • , |Fz(n;)| < l} , 

(3.29) 

where Fi, ...,, T) are entire functions on We may assume that L is contained 

in the polydisc of the radius r by the boundedness of L. Set 


R 


max<^ 1, sup|F;/+i(m;)|,- 

■■ ,sup|F;(m;)|, r \ 

f wGL 

wGL J 


(3.30) 


Let Z := Cz X C)), ^ X Ch X Tt and Z := Dc^ x C” ^ x Ch x Tt. We consider the 
closed embedding 4/ : F Z dehned by 


Also set 


L 


^(z, w, t) := {z, w, Fi{w), Ff{w), 

. Fi{w), t). 

(3.31) 

( \wi\<R,..., 

\u!n-l\ < R, 1 


V {w, w) G C"‘~^ X C*; Wi < 1, . . ., 

1 Wf \< 1 , , 

(3.32) 

[ \Fi>^^\<R,.. 

yi 

1 
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and 


k-.= \ 

(«), to) e C”-‘ X C' ; 

rci \< R, ... 

1 wi |< 1, ... 

, \Wn-l\ < 72, 1 

> 1 4' 4 1. } 

1 

1 

1 4'+i l< 1.- 

. . , 1 Wz |< 1 J 


(3.33) 


Since is a closed immersion and ^ {S x {L \ K) x V) = S x {L \ K) x V holds, 
we have 


HL(i\a>v(Dc X C“-‘ X V-, O^) = x C”-' x C‘ x I/, 

{3.34) 

Let (9^^ denote the sheaf of holomorphic functions of exponential type on Z. By 
Corollary 13.51 we have 


HL(l\k)xv(»c X C"-' xC^xV, Ofn = 0 {k<{n-l) + 1). (3.35) 

Therefore, if we prove that there exists a resolution of the sheaf by the 

sheaf of length I, then the assertion follows from Lemma 13.81 Let us show 
existence of such a resolution. By using T)-, we dehne a family {0j} of commuting 
endomorphisms of given by 

Zj 

(pjif)-=f{z,w,w,t){wj-Fj{w)) (j = l, ...,/). (3.36) 

Let Cl, ..., e; be the canonical basis of Zb For an ordered subset J := (ji, ..., j^) 

k 

of {1, ..., /}, we set ej := A • • • A ej^, G A(Z') and 


M(^) := ® A(Z0 (fc = 0, 1, ...,/). (3.37) 

We also dehne the differential d : —)■ by 

i 

d{fej) ■= '^4>j{f)ej A ej, fej G (3.38) 

i=i 

It is easily seen that dod = 0 from the commutativity of the morphisms 0j’s. There¬ 
fore we get the following Koszul complex A4 associated to the sequence (0i, ..., (pi). 


M: 0 ^ 4 ^ ... 4 M(') ^ 0. (3.39) 


Let us see that the complex Ai is the desired resolution of the sheaf We 

prepare the following lemma in order to apply Lemma [3.91 to the complex Ai. 

Lemma 3.10. For each 1 < k < I and a point p & Z, the morphism (p^ is injective 


as an endomorphism of the module 


A^exp 

Zp 




Zp' 


Here denotes the stalk of 
z p ■' 


the sheaf at a point p. 
z 
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Proof. Assume that / G satisfies fkif) = 0 in 


/oexp 

Zp 




-. Then there 


exist gi, ..., G such that fk(f) = Ej=i holds. Hence we obtain 


Zp 


(3.40) 


k-l 

f{z, w, w, t){wk - Fk{w)) = ^gjiz, w, w, t){wj - Fj{w)) 

i=i 

as a relation of germs in OPP By setting Wk = Fk{w) in 03.401) . we have 

k-l 

'Ylgj{z, w, wi, ..., Wk-i, Fk{w), Wk+i, ■■■, wi, t){wj - Fj{w)) = 0. (3.41) 

i=i 

For 1 < j < fc — 1, we set 

gj{z, w, w, t) - gj{z, w, wi, ..., Wk-i, Fk{w), Wk+i, ..., m, t) 


hj{z, w, w, f) := 


Wk - Fkiw) 


Then hj belongs to OPP By fl3.40p and 03.4ip . we have 

k—1 k—1 

^(j)j{hj{z, w, w, t)) = ^hj{z, w, w, t){wj - Fj{w)) 
j=i j=i 

k-l 


(3.42) 


E 

j=i 


gj{z, w, w, t) 
Wk - Fk{w) 


Wj - Fj{w)) 


(3.43) 


f{z, w, w, t){wk - Fk{w)) 

Wk - Fk{w) 


= w, w, t) 


as relations of germs in OPP Hence we obtain injectivity of <pk. 
For each point p G by Lemma [3.91 and Lemma [3.101 we have 

f 0 {k /), 


□ 


H"(-Mp) = 


Zp 




{k = i). 


(3.44) 


Hence, by Lemma iTSl and the following lemma, we have obtained Theorem 13.71 The 
proof has been completed. □ 
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Lemma 3.11. The following complex of sheaves on Z is exact. 


0 ^ 4 ^ ... 4 M(') 4 ^ 0. (3.45) 

Here the sheaf morphism p is induced from the one —)■ defined by the 

Zi Y 

substituntion w = (Fi(w), ..., Ffw)). 

Proof. Let us prove exactness of the complex 

0 ^ 4 ^ ... 4 ^ ^ 0 (3.46) 

at each point p ^ Z. Note that we have 

r 0 (p^ vi>(F)), 

(^,C»“P)p = (3.47) 

[ (p e ^(^))- 


For p ^ 'h(l^), it is immediate that the sequence fl3.46p is exact by fl3.44p . Let us 

QSxp 

show exactness of 03.461) for v G \I/fFL It is sufficient to see that —^- — - 

^ EU^ofl) 

is isomorphic to by p. The morphism p is clearly surjective because 


a germ in (C>^'’),^-i(p) can be regarded as the one in through the canonical 


projection (z, w, tc, t) {z, w, t). Furthermore, by considering a Taylor expansion 
with respect to wj — Fj{w) (j = 1, ..., /) at the point p, we hnd that its kernel 
consists of the germs in the form ^)(4 ~ 4('^)) with pj G 

Hence we get the exact sequence 


0 ^ ^ 0 “' ^ ( 0 “'),-.,,) ^ 0 - 


(3.48) 


i=i 


Therefore we get exactness of 03.46p on Z. 


□ 


3.2 Edge of the wedge theorems for the sheaf 

yi. 

Using results prepared in previous subsection, we establish two kinds of edge of 
the wedge theorems for the sheaf . Let M be an n-dimensional M-vector space 
[n > 1) with an inner product (•, •), and let E be its complexihcation C<Z M which 

K 

is an n-dimensional C-vector space with the norm induced from the inner product 
of M. Then, as in Section |2l we can dehne the radial compactihcation of E. We 
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denote by M the closure of M in and set dM := M \ M. We also set T := 

(m > 0) and 

N :=M xT C X :=ExT 

n n 

N:=MxT C X := Db X T. 

Define dN := N \ N = dM x T. Note that N is nothing but the closure of iV in X 
and dN can be identihed with S'^~^ x T. 

THEOREM 3.12. The closed subset N in X is purely n-codimensional relative to the 
sheaf j i.e., 

(3.49) 

Proof. Let p^o = (1,0,..., 0)cxd x (0) G dN C X. As it is well-known that N 
is purely n-codimensional relative to the sheaf of holomorphic functions on X, the 
proof is completed by showing 

=0 (kjt n). (3.50) 

For any e > 0, we set 



1 


] 

u,-.= |(d,.. 

.,Zn)eE;\ argxil < e, |xi| > -, \zi\ < e\zi\, 

e 

t = 2,.. 

.,n^ 


T, := {t e T; \t\ < e}, 

D, := ir° xT,C X. 

(3.51) 

Here the closure and interior are taken in X. Then the family forms a 

fundamental system of open neighborhoods of Poo in Hence, for any k, we obtain 

•*7f(Or)p» = 0“-). (3.52) 

e>0 


We also set 


K:= 

W, : = 
O, := 


l^: e C; I argx| < e, |x| > -| , 

{(wi, ..., Wn-i) e C”"^; \wi\ < e, 
K° X W, X T, C Dc X X T = 




(3.53) 


for any e > 0. Then {Og}g>o is also a fundamental system of neighborhoods of the 
point qoo ■= (l)oo x (0) x (0) G S^oo x C'^~^ xTinY, where Y was dehned in the 
previous subsection. 
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Let $ be the holomorphic map from {E \ {zi = 0}) x T to (C \ {0}) x C"" ^ x T 
defined by 

(xi, Zn) xt I—^ Xi X ^ X t. 

\Zl ZiJ 

The map <h gives a biholomorphic map between x and K x hhe x T^. Let 
us regard (resp. as the boundary of the closed unit ball of center the 

origin in E (resp. C). We dehne the bijection 0 from \ {zi = 0})cxd x T to 

S^oo X X T by the following correspondence; 


(Xl, X 2 , . . . , X„)00 Xfl-)■ [- -r CX)X — )xt, 

\Z\\J \Z\ Zi 


zw 


(3.54) 


a/ 1 + |tcp’ a/1 + 

Lemma 3.13. The map 


oo X t <— I zoo X w X t. 


$ = $ U 0 : \ {xi = 0} j X T ^ (©c \ {0}) X x T 

is a homeomorphism and we have 

$(a) = o„ 8 (TV n a) = (1X T) n o,. 


(3.55) 


Furthermore, for any relatively compact open subset hi in D^; \ {zi = 0}, the holo¬ 
morphic map <h gives the sheaf isomorphism on fl x T 

Orinxr 5-'(orl*(nxr,) ■ (3-56) 

Proof. It suffices to show <h and to be continuous as the rest of claims in 
the lemma can be easily confirmed. Let Ui = (cuj^i, ..., cvi^n) {i = 1, 2) • • •) and 
Woo = (x^oo,!) • • •) ^oo,n) be poiuts ffi \ {zi = 0} with Wj —)■ u^o {i oo) in 

^2n-i_ i^e a sequence of positive real numbers satisfying ki ^ oo {i ^ cxd). 

Set 

7i := (Xi, 0) e E \ {xi = 0}) X T, Zi:=kiUJi (f = l, 2, •••)> p-yx 

7oo := (^oo, too) e \ {zi = 0})cx) X T, Xoo := WooOO. 


Assume 7^ —)■ 700 {i —t cxd) in X. Then let us show $(70 0(7oo) if —t cxd) in Y. 

Note that we have 


$(70 



^i,2 

Ml 


0^ G C X X T, 

0Ji,l J 


0(7oo) 



^^ 00,2 
^00, 1 


^ 00 , n 
^00 ,1 



e A^oo X X T. 


(3.58) 
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As 7j —)■ 7oo {i —)■ cxd) in X, we have 


^ I^i ^oo I ^ (j 

for ej > 0 with e* —)■ 0 (i — )■ cxd). Hence we obtain — u 
from which we have, as i — )■ cxd, 


1 

(^00,1 

—)■ 0, 


^00, J 

1 kiUJi_^ 11 

|(^oo, 11 


(^00, 1 


= 1, ...,n) (3.59) 

oo,j| ^ Cj (j 1, ..., n), 

2, 3, ...n). (3.60) 


Therefore we get $(7*) —)■ 0(7oo) (* —t cxd) in Y. Furthermore, let rji {i 

and 7oo be points in satisfying rji —)■ 7oo (* —t cxd) in Ah Set 

Pi ■= {kiVi, Wi, ti) eCx X T (i = 1, 2, ...), 

Poo • ^005 too) ^ A OC X T! X T. 


1 , 2 , 


(3.61) 


Suppose Pi —)■ Poo (t — t cxd) in F. Then let us show <h ^(p*) (j) ^(poo) (t — t cxd) in 

X. Note that we have 


$ Hpi) = {kiPi, kiPiWi, ti) e E X T, 

^00 Voodoo 


<t> {poo) = 


a/ 1 + l^oop a/1 + 


CXD 


Wr, 


, too e S ^^-^00 X T. 


(3.62) 


Since pi —)■ poo {i —t cxd) in F, we have 


Pool A ^i"! ^00 I A ^25 \ti tool A 


(3.63) 


for e* > 0 with e* —)■ 0 (t —)■ cxd), from which we have 

{kiPi, kiPiWj) _ (Poo, Poo Woo) 

K/ciPi, kiPiWi)\ y/1 + 

Therefore we obtain <l>“^(pj) —)■ 0“^(poo) (t —t cxd) in X. □ 

By the lemma, we have 

e 

= (3,65) 

e 

~ '^RxR^-ixTV^y h'?oo* 

Therefore, to prove the theorem, it suffices to show 

= 0 ^ ^)- (3.66) 


(pi, PiWj) (poo, PooWoo) 


a/1 + 


Wi 


a/1 + 


Wo 


(3.64) 
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Let be the polynomial of w defined by 

= (I) - {wl + + (e>0). (3.67) 

By using we set 

W, := {(wi, Wn-i) e W,; Re((f,(w)) > 0}, 

~ _o ~ . (3.68) 

O, := K xW,xT,C Y. 


Obviously, the family {Oe}e>o thus dehned becomes a fundamental system of neigh¬ 
borhoods of goo in Y. Hence, to obtain fl3.66p . it is enough to prove 

Hix.»-.xT,na.(O..Or) = '> (3-69) 

Choose two points a, 6 G M with e~^ < a < b < -|-cxo, and set Si := (e“^, b] and 
S 2 := [a, -|-oo]. By noticing 

( 1 X X T) n a = (^1 U ^2) X {W, n M”-^) X T„ 


we consider the long exact sequence of cohomology groups 


Of-”) 


_, prfc _ 

Six(WEnR’>-i)xT< 




(0„ OJ^P) 


(3-70) 


Set N' := RxIR”"^ xT C Y. The following lemma is well-known for specialists in this 
direction: Let BOn' denote the sheaf JY^iiOy) of hyperfunctions with holomorphic 
parameters on N' (here we omit the orientation sheaf for simplicity). 

Lemma 3.14. We have 

Hhn.,,x,».nr-.,xT.(0.. O?") = » ^ ")• P'^l) 

and _ 

Hlx,W.n«»-.,xT.(0,.Or) = '> (3-72) 

Proof. We only show fl3.7ip . Since A^' = M” x T is purely n-codimensional relative 
to the sheaf Oy, we have 


(Sin52)x(W£nR"-i)xr,, 


(0„ O^P) = H 


k—n 

(5in52)x(iy€nM 


n — 




(o.nAT', bOn'). 


(3.73) 


Hence fl3.7ip holds for k < n. By considering a relative Leray covering, we can show 
fl3.7ip ioi k > n in the same way as that for the proof of Lemma 13.21 □ 


21 











Then it follows from the above lemma and fl3.70p that we get 




^XT)nOe 


(0„ = H 


52x(iVEnK"-i)xr£ 


(Mn-l,n). (3.74) 


We also get the following exact sequence by 03.70^ . 




_ y _ 

(5i US 2 ) X (iVe nR"-1) X 

^ r 


Y 

(a, 


(5inS2)x(w,i 


bxT, 


(o,niv', bOn') 


(3.75) 


Six(W£nR"--i)xTe(^<J ^ ’ 130 n >) © 


AT 

Since the canonical morphism 


(0„ 0“P). 


^(SinS'2)x(WenR"-i)xTe(^': ^ ^ ’ ^^N') ^Six(VKenR'"-i)xr£(^<j ^ ’ ^^n') 

is injective, the morphism t in fl3.75p is injective. As a result, fl3.74p holds for 
k = n — 1 also. Hence, together with fl3.74p . it suffices to show 


prfc _ 

52x(lV,nR'*-i)xT,, 


(0„ 0‘f) =0 [k^ n). 


(3.76) 


By Lemma 13.21 we have fl3.76p for /c > n + 1. Let us prove fl3.76p to be true for 
0 < fc < n — 1. Set 


:= {w e C” ^; Itcil < e, ..., \wn-i\ < e} fl: 
K, := L, n {w e ; Re((p,(u;)) < O} . 


nn —1 


(3.77) 


Then we have 

L,\K, = W,r\W-\ (3.78) 

Since and are closed analytic polyhedra, it follows from Theorem 13.71 that we 
obtain 


^52x(w.nR-i)xr,*^^^’ “ H|^x(LA^dxr, 


= 0 


'c X C 
{0 < k <n — 1) 


n—1 


X T„ (9“P) 


(3.79) 


This completes the proof. □ 

The following theorem plays an important role in proving softness of the sheaf 
of Laplace hyper functions with respect to the variables of hyperfunction part. 

THEOREM 3.15. The closed subset dN is purely n-codimensional relative to the sheaf 
that is, we have 

=0 (kjt n). (3.80) 
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Proof. It is sufficient to compute the stalk of at Poo = (1,0, ..., 0 )cxo x 

(0) G dN C X. We use the same notations as those in the proof of Theorem 13.121 
By the same reasoning as that in the proof of Theorem 13.121 we have 

/^/-)exp\ f^k /x/-\exp\ 

^dN\^X ~ '^{+oo}xR’^-ixTl'^y Jqoo 

= Ih? 0“-), (3-81) 

£ 4-0 

Let us show 

H{+oo}x(WenR'*-i)xTE(^e> =0 (fc 7 ^ u). (3.82) 

We have, by Theorem 13.121 

•^‘x«~-.xT(Or) = » + "). (3-83) 

from which we get 

Hf+o„,x,»-.nr-.,xT,(a, O^) = Hh 4 )x(»-.n.»-.)x 7 -.(Oo ^‘x.-xtO^?"))- 

( 3 . 84 ) 

Hence fl3.82p follows for fc < n — 1. We also obtain fl3.82p for /c > n + 1 by Lemma 
13.21 This completes the proof. □ 

As a particular case, we have the following corollaries. 

Corollary 3.16. The closed subset M in is purely n-codimensional relative to 
the sheaf , i.e., 

( 3 - 85 ) 

Corollary 3.17. The boundary dM := M \ M of M is purely n-codimensional 
relative to the sheaf i.e., 

.^LiOZ) =0 i'k +«). ( 3 . 86 ) 

At the end of this section, we give a lemma for vanishing of higher cohomology 
groups of global sections of which can be proved by using the same 

argument as that in the proof of Theorem 13.151 

Lemma 3.18. Let V be a Stein open subset in T, and let fl be an open subset in 
dM C V>E which is properly contained in an open hemisphere of = dM. Then 
we have 

X C, = 0 {k^ 0). (3.87) 
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Proof. We may assume that f2 is properly contained in {Rezi > 0} of S'” Then 
there exists a relatively compact open subset C for which x 1/ is homeo- 
morphic to {+C)o} x x 1/ C R by the map $ = $□(/>. It follows from Grauert’s 
theorem that there exists a Stein open neighborhood W C of G satisfying 

VL = W r\ Then we have 

H‘(Ji X K jrsXOJ")) = X W X K 0“»). 

Hence the claim follows from Lemma 13.21 □ 

4 The sheaf of Laplace hyperfunctions in several 
variables 

In this section we dehne the sheaf BO^ of Laplace hyperfunctions with holomorphic 
parameters. We see that every hyperfunction can be extend to a Laplace hyperfunc¬ 
tion, and we also show that there exists the canonical embedding from real analytic 
functions of exponential type to Laplace hyperfunctions as a sheaf morphism. 

Let us recall the geometrical situation studied in the previous section: Let M 
be an n-dimensional M-vector space (n > 1) with an inner product, and let E be its 
complexihcation C G M which is an n-dimensional C-vector space with the norm 

R _ 

induced from the inner product of M. We denote by M the closure of M in the 
radial compactihcation of and set dM := M \ M. We also set T := C™' 
(m > 0) and 

N :=M xT C X := ExT 

n n 

7f:=J4xT C X:=DsxT. 

Dehne ON := N \ N = dM x T. Let be the constant sheaf on N with stalk Z. 
Proposition 4.1. 

Proof. Let us compute the stalk of at p E N. It suffices to check the 

stalk at Poo = (1, 0, ..., 0)oo x (0) G dN C N. Let be the closed unit ball 

in M” {n > 1). Then we have X = x T and N = x T topologically. We 

denote by M<o the set of non-positive real numbers. There is a family {Ue}e (resp. 
{K X hheje) of fundamental open neighborhoods of the point (1, 0, ..., 0) G 
(resp. (0) X (0) G M<o X satisfying nU^ = (M<o x n (K x Wf) 
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and B"- r\U^= (R<o x M" n (K x topologically. Hence, for a family {T^}e of 
fundamental neighborhoods of the origin in T, we obtain 

— '^"xT(^B2nxr)(l,0,...,0)x(0) 

= '^^<oxR"-ixr(^®<oxIR2ri-ixT)(0)x(0)x(0) 

= h^ X H4 X Te, ZR^gxR2"--lxT) 

e 

for fc G Z. As we may assume that K and are contractible, we obtain 

'X^<gXR"-lxr(^R<oXR2"-lxT)(0)x(0)x(0) = (Z]]j2n-1 ) (g) . 

Let We be the open ball in of center the origin and radius e > 0. We consider 

the following long exact sequence of cohomology groups. 

^ ^ Zk2.-i) ^ Zk2„-i) ^ . (4.4) 

By noticing 

= | ^ * = (4.5) 

and 

H‘(VrAK"-', = Zs.-.) = | g ottewTse!"^’ 

we have 

H|.-.nHaW'„Z..,-.) = | ® (4.7) 

Therefore we have obtained the assertion. □ 

For simplicity of notation, we write instead of If H is a connected 

open subset in N, we can regard as Z by the above proposition. 

Definition 4.2. We define the sheaf of Laplace hyperfunctions with holo- 

morphic parameters on N by 

® wiv- (4.8) 

As = 0 {k < n) holds by Theorem 13.121 a global section of the sheaf 

BO^ can be written in terms of cohomology groups. For a connected open subset 
H in N, by taking an open subset H in X with H = X n H, we have 

BOfia) = H”(^ 0“-) I a^(P). (4.9) 


(4.2) 


(4.3) 
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Note that the above representation does not depend on the choice of V in X. The 
restriction to N of the sheaf is evidently just the sheaf BOjq of hyperfunctions 

with holoniorphic parameters. 

As a particular case, we have the following dehnition. 

Definition 4.3. The sheaf of Laplace hyperfunctions on M is defined by 

'■= -mOnt) ® ( 4 - 10 ) 

The following theorem states that every hyperfunction can be extended to a 
Laplace hyperfunction. Let j ■. N ^ N he the natural embedding. 

THEOREM 4.4. The canonical sheaf morphism BO^^ —?■ j^BOpj is surjective. 

Proof. Let us consider the following distinguished triangle. 

Rraw(R%(c^7)) ^ Rr7v(c?7) ^ Rj*j”'Rr^((97) 4 . (4.ii) 

Then the assertion follows from Theorem 13. 15l and Rj*j“^Rr;^(C>?^) = j^BON[—n]. 

□ 

Let i : X be the natural embedding. 

Definition 4.5. The sheaf of real analytic functions of exponential type on N with 
holomorphic parameters is defined by 

;= 1-^0^ = O^In- (4-12) 

Let us see that real analytic functions of exponential type with holomorphic 
parameters are regarded as Laplace hyperfunctions with holomorphic parameters. 
We consider the following morphism. 

^-'07 ® coj^[-n] ^ ^ z-'Rr^(07). (4.13) 

Applying the shift functor [n] and the functor (•) ® to the above morphism, we 
obtain the sheaf morphism a : —)■ BO^^. Let AO^ be the sheaf of real 

analytic functions with holomorphic parameters on iV, and let (3 : AO^ —)■ BOjy be 
the canonical embedding of sheaves. Now we consider the commutative diagram of 
sheaf morphisms. 

i30|P 
1 ■ 

^ j.BO^ 

Since the morphisms AO^ —)■ j^AOn and in the above diagram are injective, 
we have the following theorem. 

THEOREM 4.6. The canonical sheaf morphism AO^ —)■ BO^ is injective. 
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5 Several properties of the sheaf BO^ 

In this section, we prove softness of the sheaf with respect to the variables of 

hyperfnnction part, and we also show snrjectivity of the restriction morphism 

xV)^ j,BOn{^ xV) = BOn{{^ xV)nN) 

for any open snbset Q in M and a Stein open snbset V in T. Here j : N ^ N 
denotes the canonical embedding. 

Proposition 5.1. Let V be a Stein open subset in T, and /ef vry : De x P —t 
denote the canonical projection. Then we have 

Further, the flabby dimension of is less than or equal to 1. 

Proof. Let {Hjji be a hnite family of open snbsets Qi in dM satisfying that Uiflj = 
dM and each is properly contained in some hemisphere of = dM. Then it 
follows from Lemma [3.181 that, for any open snbset hi C 11^, we have 

= B\n X V, JffNiOY)) = 0 {k^ 0). (5.1) 

Hence the complex is concentrated in degree 0, and we have 

= 0 {k^O) 

for any open snbset H C H*. This conclndes that, for each i, the flabby dimension 
of the sheaf on is less than or equal to 1. Then the last claim 

is a consequence of the following easy lemma. □ 

Lemma 5.2. Let jF be a sheaf on a topological space X, and let {Hj} be an open 
covering of X. Assume that, for each i, the flabby dimension of the sheaf on 
is less than or equal to £ G N U {0}. Then, that of X on X is also less than or 
equal to i. 

Proof. It is easy to see that, if X\„ is a flabby sheaf on for each i, then X itself 

is flabby on X. Now let us take a flabby resolution L of on X: 

L : X ^ Cfl % C}% C? %■■■ . 

By the assumption, for each i, the restriction Kerd^j^ of the kernel sheaf Kerd^ is 
flabby. Hence Kerd^ is flabby on X, which entails that X has a flabby resolution of 
length t. □ 
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We prepare some notations which are needed in the subsequent arguments. Let 
(zi,..., Zn) be a system of coordinates of E. Let $ : = 0} —)• (C\{0}) x 

be the holomorphic map given by 

^{zi, Zn)= (zi, , (5.2) 

and let A be a C-linear isomorphism on E. Then we dehne := <h o A and the 
linear hypersurface El a '■= A~^{{zi = 0}) in E. As in Subsection 13.21 the d>A extends 
to a homeomorphism between \ EIa and (Dc \ {0}) x which is denoted by 

the same symbol hereafter. 

Definition 5.3. Let K be a compaet subset in M. We say that K is of produet type 
in M if there exists a linear isomorphism A on E such that K and S x LiX ■ ■ - x Ln-i 
are homeomorphic by for a compact subset S' C M \ {0} and compact subsets 
Li, • • • , Ln-i in M. 

Then we establish the following vanishing theorem for a closed subset which is 
a union of compact subsets of product type in M. 

Proposition 5.4. Let V be a Stein open subset in T, and let K be a finite union of 
closed subsets Ki in dM {i = 1, 2,..., £). Assume that each Ki C dM is of product 
type in M. Then we have 

X P, OJP) = 0 {k^n). (5.3) 

Proof. Let ttv '■ xV ^D^be the canonical projection. On account of Theorem 
13.151 and Proposition 15.11 we have 

X P, (PJP) = H^-"(De, = 0 (5.4) 

if A; < n or > n + 1. Let us show x V, (P^^) = 0. Since each is of 

product type in M, it follows from Lemma [3.21 that we have 

H^,xy(DE X P, (P|P) = 0 (fc > n) (5.5) 

for each i. Let us hrst show x P, = 0 from x 

P, (P^’’) = 0 and x P, (PP^) = 0. Consider the following long exact 

sequence of cohomology groups 

^ X Of) e X K 0“-) 

^ X c ^ X c Of) ^ . 

Then, by Proposition 15.11 we have 


(»E X K Of) = (De. Ev.JftN(Of)) = 0. 







Hence '^'IkI\jK 2 )>^v^^ ^ = 0 follows from the above long exact sequence. 

By repeatedly applying the same argument to the sets K 4 , ..., Kg, we finally 
obtain 

H«V(»e X K 07 ) = X V, O’f) = 0 . (5.7) 

This completes the proof. □ 

As a corollary, we can obtain a global version of Theorem 13.151 
Corollary 5.5. Let V be a Stein open subset in T. Then we have 

X V, O^) = 0 {k^n). (5.8) 

We also obtain the following proposition as a consequence of Proposition 15.41 

Proposition 5.6. Let V be a Stein open subset in T, and let ny ■ De x C —)■ 
denote the canonical projection. Then, for any closed subset K C DM, the restriction 
morphism 

P {dM, ^ r (k, nv.Sjfg^PY)) 

is surjective. That is, the sheaf is soft. 

Proof. Since dM is a paracompact Hausdorff topological space, we have 

P(iP, TTv.Jifg-pOY)) = r(fl, 7rv.J^gj,{OY)), (5.9) 

udk 

where the limit is taken with respect to all open subsets in dM containing K. 
Therefore every element of r(A', 7ry*.^^(C>^^)) can be first extended to an open 
neighborhood hi of A" in dM. We may assume that L := dM \ hi is a finite union of 
closed subsets Ki C dM where each Ki C dM is of product type in M. Consider 
the exact sequence of cohomology groups 

r(SM, irv.,jr«"„(o“")) ^ r(sj, ^ irv.,jr/„(o“")). 

(5.10) 

Then, by Proposition 15.11 and Proposition 15.41 we have 

Hi(SM, T!y.M-;yoY)) = H2+!,(»b X V, o"») = 0, 
from which surjectivity follows. This completes the proof. □ 

Recall that j : N N denotes the natural embedding. 
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THEOREM 5.7. Let V be a Stein open subset in T, and let vry : xV ^ D^; denote 

the canonical projection. We have 


and, for any closed subset K C M, the restriction morphism 

r (m, ^ r (k, T^v.BOf') (5.11) 

is surjective, that is, the sheaf 7rv*BO^^ is soft. 

Proof. We have the distinguished triangle 

^ ^ Kttv.Rj.BOn ^ • (5.12) 

It follows from Proposition 15.II and Rny^Rj^BON = {'^v°j)*BON that the complex 
Rny^BO^'^’ is concentrated in degree 0 and we have the exact sequence: 

0 ^ TTv,^ TTy.SOfP ^ {nv o j),BOn ^ 0. (5.13) 

Then, since vry* J^’]v(C>^'’) and (vry o j)^BON are soft, the nv*BO^^ becomes soft. 
This completes the proof. □ 

Remark 5.8. Surjectivity of fl5.1ip is equivalent to that of the restriction morphism 

T [m X R, BO^A Ih^ T [r X R, BO^^A , 

^ ^ n^K ^ ' 

where R ranges through open subsets in D^; containing K. 

Corollary 5.9. The sheaf B^ of Laplace hyperfunctions on M is soft. 

By fl5.13p and softness of the sheaf vry* J^^(C>^'’), we also have the following 
theorem. 

THEOREM 5.10. For any open subset Q G M and a Stein open subset V in T, the 
restriction morphism B0^^{VL x R) —)■ BOn{{LI x R) fl N) is surjective. 

Corollary 5.11. For any open subset Q C M, the restriction morphism B'^{VL) —)• 
Bm{^ n M) is surjective. 
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